We reveal that three-wave parametric mixing in a diffractive quadratic (or x ͑2͒ ) medium can lead to multistability of self-guided beams. Switching between different stable states of these multivalued spatial solitary waves is also demonstrated. [S0031-9007(97)03087-1]
Optical bistability is one of the fundamental physical phenomena which laid the foundation for numerous optical switching devices involving cavities or Fabry-Perot resonators, guided modes at nonlinear interfaces, four-wave mixing, etc. (see, e.g., Ref. [1] , and references therein). Bistable solitons and bistable self-trapping of light beams have been first predicted for the scalar wave propagation described by the generalized nonlinear Schrödinger equation [2] . It is expected that multistability of beam (or pulse) self-trapping would allow us to realize fast alloptical switching in a bulk medium or waveguide due solely to self-action of light. However, bistable selftrapping has not been observed experimentally yet. The main obstacle is a lack of materials with very special nonlinear properties required. Indeed, in order for those bistable solitons to exist, the dependence of the nonlinear susceptibility on the intensity of light should change its sign or its derivative should have a sufficiently sharp peak (a steplike function) [2] [3] [4] [5] . This means that multistable solitons are usually not possible for weak (e.g., Kerr-type) nonlinearities. Then, the natural question arises: Does soliton multistability always require a special type of nonlinearity or can it also be observed for a "standard" optical material? In this Letter we demonstrate, for the first time to our knowledge, multistable light self-trapping and soliton switching due to three-wave parametric mixing in a diffractive quadratic (or x ͑2͒ ) medium. We prove that, in a certain region of the system parameters, propagation characteristics of three-wave parametrically coupled self-guided beams become multivalued. This implies that there is more than one possible propagation constant (and, consequently, more than one possible shape) for the threewave self-localized beam (spatial soliton) at the same values of two power invariants characterizing the three-wave mixing, the total power, and the power unbalancing.
We consider resonant wave interaction in a dielectric medium without the center of symmetry, i.e., quadratic or x ͑2͒ material. Quadratic nonlinearity leads naturally to a resonant three-wave mixing, when two waves with the frequencies v 1 and v 2 and wave numbers k 1 and k 2 create the third wave with the wave number k 3 at the combined frequency v 3 v 1 1 v 2 . A particular case of this three-wave interaction is known in nonlinear optics as the type II second-harmonic generation (SHG). Assuming the envelopes E 1 , E 2 , and E 3 of the resonantly interacting waves to be slowly varying and considering the case of a slab waveguide geometry, we can derive from Maxwell's equations the system of three equations coupled parametrically through the components x ͑2͒ ijk of the nonlinear susceptibility tensor,
where
z is the propagation distance along the waveguide, x is the transverse coordinate in the waveguide plane, Dk ϵ k 1 1 k 2 2 k 3 is the wave-vector mismatch between the parametrically interacting waves. The factor A ϳ 1 takes into account the transverse modal structure of the electric field in a slab waveguide.
In a degenerate case, when two waves of the fundamental frequency v v 1 v 2 are identical, E 1 E 2 , and they create a wave of the second harmonic E 3 with the frequency v 3 2v, Eqs. (1) describe two-wave interaction in a diffractive medium (type I SHG). These equations have been extensively analyzed during recent years (see, e.g., Refs. [6] to cite a few), and families of localized solutions, which describe optical bright and dark solitons due to the type I SHG, have been identified. However, the properties of more general, three-wave interaction are not well understood yet, in spite of the fact that the first experimental observation [7] of self-trapping of optical beams in a bulk x ͑2͒ medium has been reported for the case of type II SHG which is actually a three-wave mixing process.
To analyze spatially localized solutions, governed by the three-wave parametric interaction, and their stability, we normalize Eqs. (1) To find all types of stationary localized solutions of Eqs. (2), we need to solve numerically (e.g., by the relaxation technique) the corresponding system of ordinary differential equations, which can be obtained directly from Eqs. (2) with z derivatives omitted. However, to reduce the number of independent parameters and simplify the numerical procedure, first we renormalize these equations introducing the scaling: w sb y W , u sb y U, y sb y V , and x X͞ p sb y . The resulting system is simpler and more convenient for the numerical analysis because all stationary solutions depend only on two dimensionless parameters, a ϵ ͓2͑b u 1 D͒͑͞sb y ͒ 1 2͞s͔ and g ϵ ͑2 2 s͒b u ͑͞sb y ͒. This system has the form
where the primes stand for the derivatives with respect to the normalizedcoordinate X. Fundamental (i.e., one-humped) two-parameter spatially localized solutions of the system (3) can be expressed by real functions V s ͑X; a, g͒, U s ͑X; a, g͒, and W s ͑X; a, g͒. Rescaling the localized solutions of the system (3) we can obtain the stationary solitary waves of the system (2). Stability analysis of these stationary solutions is a nontrivial problem on its own because the multicomponent solitary waves which exist due to three-wave parametric mixing depend on two internal parameters: b u and b y . This differs drastically from a standard stability analysis developed, for example, for the generalized nonlinear Schrödinger equation [8] which is usually employed in the conventional theory of soliton bistability [4] .
Recently, applying a multiscale asymptotic technique valid near the instability threshold, a novel type of the stability criterion for solitary waves with more than one internal parameter has been derived [9] . In particular, it was proven that the threshold between stable and unstable three-wave solitary waves of Eqs. (2) 
where Q tot and Q unb are two power-type invariants of the system (2), which are the total power and the power unbalancing, defined, respectively, as follows
However, the asymptotic analysis developed in Ref. [9] is valid only in the vicinity of the instability threshold curve defined by Eq. (4). This analysis is sufficient to predict the linear instability and describe the initial evolution of a perturbed solitary wave, but it does reveal neither the global (long-term) system dynamics nor possibility of multistable solitons. For the purpose of the multistability analysis a different approach based on the catastrophe theory (see, e.g., Ref. [10] , for a general review) should be employed.
Before applying the catastrophe theory analysis, we note that, in addition to the invariants (5), Eqs. (2) possess another integral of motion, so-called Hamiltonian:
Importantly the invariant (6) does not depend explicitly on the soliton parameters b u and b y . Using the invariants (6) and (5), the equations describing stationary solutions of the system (2) can be presented in a standard variational form: dH ͞da ‫ء‬ 0, where a ϵ ͕y, u, w͖ and
The approach based on the catastrophe theory [10] connects the global behavior of the solitary wave solutions of Eqs. (2) to the properties of the corresponding twodimensional surface H͑Q tot , Q unb ͒ calculated on these solitary waves. The analysis of the surface H͑Q tot , Q unb ͒ allows us to predict (for any fixed values of the physical parameters s and D) the soliton stability and the instability-induced dynamics of perturbed solitary waves even far from the stability threshold.
To find the form of the surface H͑Q tot , Q unb ͒ explicitly, we rescale the localized solutions of Eqs. (3) to obtain the solitary wave solutions of Eqs. (2) and calculate the corresponding invariants. This analysis shows that for all nonnegative values of the wave-number mismatch parameter D the surface H͑Q tot , Q unb ͒ has a simple single-valued continuous shape. The latter result confirms our earlier findings [9] that the fundamental three-wave solitons corresponding to D $ 0 are always stable. For D , 0 the situation is different. From the results of Ref. [9] we know that for any negative D the three-wave solitons may become unstable. Manifesting this instability, the surface H͑Q tot , Q unb ͒ displays quite a complicated structure with the so-called Whitney gather (Whitney surface). The surface critical edges correspond to a change of stability. Moreover, the edge of the folds is described exactly by the stability threshold curve (4) . This proves that the catastrophe theory developed in Ref. [10] for single parameter solitons allows a generalization to the case of two-(and probably multi-) parameter localized waves. Figure 1 shows a projection of the invariant surface H͑Q tot , Q unb ͒ on the plane ͑Q tot , Q unb ͒ and also three distinct types of the dependence H͑Q tot ͒ for different fixed values of Q unb . As follows from the analysis of the invariant surface shown in Fig. 1 , for a certain domain of fixed values of both the total power Q tot and power unbalancing Q unb there are three different solutions describing parametric solitons. This newly found multistability of solitary waves can be regarded as a generalization of the multistability of the conventional scalar solitons considered in Ref. [2] .
According to the catastrophe theory [10] and in full agreement with the stability criterion [9] and direct numerical simulations which we have carried out for this Letter, two branches of the three-valued solutions correspond to stable solitons. Figure 2 gives an enlarged part of the multivalued invariant dependence where the points L, M, and N correspond to different propagation constants but to the same values of two power invariants, Q tot and Q unb . Profiles of the multivalued parametric solitons are shown at the bottom part of Fig. 2 . It is clearly seen that these solitary waves differ by the amplitude and width of all the components. Simultaneous existence of three distinct types of solitary waves, two of which are stable, allows switching between different stable states with a small amount of radiation emitted. To verify this concept and to analyze the soliton dynamics corresponding to the switching between different states, we perform numerical simulations of the system (2) starting from a localized mode which belongs to one of the stable branches and adding a small perturbation. The effective way to generate a transition between different stable states is to change the phase-mismatch parameter D in Eqs. (2) . Soliton dynamics shown in Fig. 3 clearly displays that a stable soliton (belonging to the same branch as the soliton M in Fig. 2 ) switches to another stable state with a larger amplitude (which belongs to the branch of soliton L, Fig. 2 ). In our numerical simulations we change the mismatch parameter D by 1% at z 100 forcing a transition to a new stable branch with oscillations near this new state.
We have carried out the similar analysis for the beam self-focusing in a bulk medium which is described by the ͑2 1 1͒ dimensional generalization of Eqs. (1) . The obtained results are qualitatively similar to those presented above for the ͑1 1 1͒ dimensional case. Therefore, we come to the conclusion that multistability of self-guided beams due to three-wave parametric interaction is not restricted by the one-dimensional geometry of beam propagation, but it is also possible in bulk materials.
FIG. 2. Top:
The enlarged part of the dependence H͑Q tot ͒ along the curve 2 of Fig. 1(a) . Points B and C correspond to points B and C of Fig. 1(a) . Bottom: Profiles of the distinct three-wave solitons with the same values of Q tot and Q unb . These solitons correspond to the points L, M, and N of the top section. The components W , V , and U are shown by thick solid, thin solid, and dashed curves. In conclusion, we have revealed the existence of multivalued self-trapping and multistable spatial solitary waves induced by three-wave parametric mixing in a diffractive quadratic or x ͑2͒ medium. This finding significantly extends our knowledge about multistability of localized waves and it allows us to generalize the concept of multistability to vector systems where solitary waves have more than one nontrivial internal parameter.
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